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We introdue a onvenient parametrization of dark energy models that is general enough to
inlude several modied gravity models and generalized forms of dark energy. In partiular we
take into aount the linear perturbation growth fator, the anisotropi stress and the modied
Poisson equation. We disuss the sensitivity of large sale weak lensing surveys like the proposed
DUNE satellite to these parameters. We nd that a large-sale weak-lensing tomographi survey
is able to easily distinguish the Dvali-Gabadadze-Porrati model from ΛCDM and to determine the
perturbation growth index to an absolute error of 0.02− 0.03.
I. INTRODUCTION
The observed late-time aelerated expansion (e.g. [1℄) of the Universe has opened a Pandora's box in osmology.
Although a great number of models have emerged from the box, none of them has provided a satisfatory explanation
of the observations ([2℄ and referenes therein).
In a landsape of hardly ompelling theories, probably the most eient way to proeed is to exploit present and
future data in searh of signatures of unexpeted phenomena that may signal new physial eets. In this way it is
possible that we will be able to distinguish, say, a osmologial onstant from dynamial dark energy (DE) or the
latter from some form of modied gravity.
To this end, an important task is to provide observational groups with simple measurable parameters that may
be linked to interesting physis. In this paper we will investigate the extent to whih additional parameters an be
used to detet signatures of new osmology in future surveys, with partiular emphasis on weak lensing (WL). These
additional parameters are onneted to the growth of linear perturbations, to the anisotropi stress (dened as the
dierene bewteen the Newtonian potentials in longitudinal gauge) and to deviations from the Poisson equation for
matter. All these parameters nd a simple motivation in urrent models of modied gravity, from extradimensional
ones [10℄ to salar-tensor theories; it is lear however that their introdution is not limited to these ases and an
in fat aount also for other phenomena, for instane lustering in the DE omponent. We also disuss whih
of the parameters arise naturally in whih ontext. We then evaluate the sensitivity of WL experiments for two
ases: a phenomenologial one, in whih the parameterization is hosen mainly on the grounds of simpliity and in
analogy to some spei models; and a more physially motivated ase, namely the Dvali-Gabadadze-Porrati (DGP)
[6℄ extra-dimensional model.
We fous on WL for two reasons: rst, ontrary to eg supernovae or baryon-osillation tests, WL makes use of both
bakground and linear perturbation dynamis, allowing to break degeneraies that arise at the bakground level (this
is partiularly important for testing modied gravity); seond, several groups are planning or proposing large WL
experiments in the next deade (e.g. [3, 4, 5℄) that will reah the sensitivity to test osmology at unpreedented depth
and it is therefore important to optimize the siene return of these proposals. We will therefore produe Fisher matrix
ondene regions for the relevant parameters for surveys like those proposed by the DUNE [3℄ or JDEM/SNAP [4, 5℄
ollaborations.
The eet of the anisotropi stress has been disussed several times in DE literature. Refs. [34℄ and [21℄ disuss
it in the ontext of salar-tensor theories and evaluated the eet on the shear spetrum; [36℄ disusses its role for a
oupled Gauss-Bonnet theory; [10℄ showed that it is essential to mimi the DGP growth-rate with a uid dark energy
model; nally, during the nal stages of this projet another paper disussing the anisotropi stress in dark energy
models appeared [7℄. Similarly, the parametrization of the growth fator in DE models has been often investigated in
the past [16, 17℄.
II. DEFINING THE DARK SIDE
In this setion we disuss our parametrisation of the dark setor. We separate it into two parts, rstly the parametri-
sation of the bakground quantities relevant for a perfetly homogeneous and isotropi universe, and seondly the
2additional parameters whih desribe small deviations from this idealised state, at the level of rst order perturbation
theory.
We assume throughout that the spatial urvature vanishes, mostly for simpliity. We note however that espeially
in the ontext of general dark energy models urvature is not yet well onstrained [9℄.
A. Parametrisation of the expansion history
In order to haraterise the evolution of the Universe at the bakground level, we need to provide a parametrisation
of the expansion history, H(z). To this end we write it as
H(z)2 = H20
[
Ωm(1 + z)
3 + (1− Ωm)f(z)
]
. (1)
We dene Ωm by the requirement that during matter domination, i.e. at redshifts of a few hundred, the Universe
expands aording to
H(z ∼ O(100)) = H0
√
Ωm(1 + z)
3
2 . (2)
We will all this part the (dark) matter, and the remaining part the dark energy. However, these are only eetive
quantities [8℄. It ould be that we are dealing with a traking dark energy that sales like matter at high redshifts
[37, 38℄. In this ase, the saling part of its energy density would be ounted as matter. It is also possible that the
observed aeleration of the expansion is due to a modiation of gravity. In this ase there is no dark energy at all
and the (1 − Ωm)f(z) part takes into aount the gravity terms. In all ases, the fundamental quantity is H(z).
The funtion f(z) desribes the evolution of the energy density in the (eetive) dark energy. The most widely
used parametrization makes use of a Taylor series in a [39℄,
w(a) = w0 + (1 − a)wa. (3)
where a = 1/(1 + z) is the sale fator. For the above form of w there is an analyti expression of f :
f(z;w0, wa) = (1 + z)
3(1+w0+wa) exp
{
−3wa
z
1 + z
}
(4)
However this is not neessarily a good t to physial models or to the data [40℄; in the DGP ase we will make use of
the full expression for w(a).
B. Parametrisation of the rst order quantities
We will limit ourselves to salar perturbations. In Newtonian gauge we an then write the line element dening the
metri as
ds2 = a(τ)2
[
−(1 + 2ψ)dτ2 + (1− 2φ)dx2
]
(5)
so that it is haraterised by two perturbative quantities, the salar potentials ψ and φ.
The perturbations in the dark uids are haraterised for example by their omoving density perturbations ∆ =
δ + 3HaV/k2 and their veloity perturbations V . Their evolution is soured by the potentials φ and ψ and depends
also on the pressure perturbations δp and the anisotropi stresses σ of the uids. For the (dark) matter we set δp = 0
(as in addition wm = 0 this is a gauge-invariant statement) and σm = 0. In App. A we dene our notation and review
the perturbation formalism in more detail.
In General Relativity the φ potential is given by the algebrai relation
− k2φ = 4πGa2
∑
i
ρi∆i, (6)
whih is a generalisation of the Poisson equation of Newtonian gravity (the fator −k2 is the spatial Laplaian). We
see that in general all uids with non-zero perturbations will ontribute to it. Sine we have haraterised the split
into dark matter and dark energy at the bakground level, we annot demand in addition that ∆DE ≪ ∆m. At
the uid level, the evolution of ∆DE is inuened by a ombination of the pressure perturbation and the anisotropi
3stress of the dark energy. However, the pressure perturbation of the dark energy is only very indiretly related to
observables through the Einstein equations. For this reason we rewrite Eq. (6) as
k2φ ≡ −4πGa2Qρm∆m. (7)
where G is the gravitational onstant measured today in the solar system. Here Q(k, a) is a phenomenologial quantity
that, in general relativity (GR), is due to the ontributions of the non-matter uids (and in this ase depends on their
δp and σ). But it is more general, as it an desribe a hange of the gravitational onstant G due to a modiation of
gravity (see DGP example below). It ould even be apparent: If there is non-lustering early quintessene ontributing
to the expansion rate after last sattering then we added its ontribution to the total energy density during that period
wrongly to the dark matter, through the denition of Ωm. In this ase we will observe less lustering than expeted,
and we need to be able to model this aspet. This is the role of Q(k, a).
For the dark energy we need to admit an arbitrary anisotropi stress σ, and we use it to parametrise ψ as
ψ ≡ [1 + η(k, a)]φ. (8)
At present there is no sign for a non-vanishing anisotropi stress beyond that generated by the free-streaming of photons
and neutrinos. However, it is expeted to be non-zero in the ase of topologial defets [11℄ or very generially for
modied gravity models [10℄. In most ases, η(a → 0)→ 0 in order to reover the behaviour of the standard model,
however in some models like salar-tensor theories this may not be the ase.
If Q 6= 1 or η 6= 0, then we need to take into aount the modied growth of linear perturbations. Dening the
logarithmi derivative
d log∆m
d log a
= m(a) (9)
it has been shown several times [16, 17, 18, 19, 35℄ that for several DE models (inluding dynamial dark energy and
DGP) a good approximation an be obtained assuming
m(a) = Ωm(a)
γ
(10)
where γ is a onstant that depends on the spei model.
Although for an analysis of atual data it may be preferable to use the parameters {Q, η}, we onentrate in this
paper on the use of weak lensing to distinguish between dierent models. As we will see in the following setion, the
quantities that enter the weak lensing alulation are the growth index γ as well as the parameter ombination
Σ ≡ Q(1 + η/2). (11)
Weak lensing will therefore most diretly onstrain these parameters, so that we will use the set {γ,Σ} for the
onstraints. Of ourse we should really think of both as funtions of Q and η. An additional benet of using γ is that
as antiipated it is relatively easy to parametrise sine in most models it is reasonable to just take γ to be a onstant
(see setion III B). For Σ the situation is however not so lear-ut. First, a simple onstant Σ would be ompletely
degenerate with the overall amplitude of the linear matter power spetrum, so would be eetively unobservable per
se with WL experiments. Then, even simple models like salar-tensor theories predit a ompliate time-dependene
of Σ so that it is not obvious whih parametrization is more useful (while for DGP it turns out that Σ = 1 just as in
GR, see below). So laking a better motivation we start with a very simple possibility, namely that Σ starts at early
times as in GR (i.e. Σ = 1) and then deviates progressively more as time goes by:
Σ(a) = 1 + Σ0a. (12)
This hoie is more general than it seems. If we assume that Σ(a) is linear and equal to unity at some arbitrary a1,
then we have Σ(a) = 1 + Σ1(a1 − a) = (1 + Σ1a1)[1 − aΣ1/(1 + Σ1a1)]. But sine an overall fator an be absorbed
into the spetrum normalization, one has in fat Σ(a) = 1 − Σ′1a where Σ
′
1 ≡ Σ1/(1 + Σ1a1). Therefore, from the
error on Σ0 in (12) one an derive easily the error on the slope Σ1 at any point a1.
As a seond possibility we also investigate a piee-wise onstant funtion Σ(a) with three dierent values Σ1,2,3 in
three redshift bins. Here again, due to the degeneray with σ8, we x Σ1 = 1.
In this way we have parametrised the three geometri quantities, H , φ and ψ, with the following parameters: Ωm, Σ0
(or Σ2,3) and γ, plus those that enter the eetive dark energy equation of state. These represent all salar degrees of
freedom to rst order in osmologial perturbation theory. The parameterisations themselves are learly not general,
as we have replaed three funtions by six or seven numbers, and as we have not provided for a dependene on k at all,
but they work well for ΛCDM, Quintessene models, DGP and to a more limited extent for salar-tensor models. We
4emphasize that this set is optimised for weak lensing foreasts. For the analysis of multiple experiments, one should
use a more general parametrisation of Q and η. If the dark energy an be represented as a uid, then {δp, σ} would
be another natural hoie for the extra degrees of freedom, with η = η(σ) and Q = Q(δp, σ). While phenomenologial
quantities like Q, η, Σ and γ are very useful for measuring the behaviour of the dark energy, we see them as a rst
step to unovering the physial degrees of freedom. One determined, they an guide us towards lasses of theories 
for example η = 0 would rule out many models where GR is modied.
III. OBSERVABLES
A. Constraining the expansion history
In order to onstrain the expansion history we an measure either diretly H(z) or else one of the distane measures.
The main tools are
• Luminosity distane: Probed by type-Ia supernova explosions (SN-Ia), this provides urrently the main
onstraints on H(z) at low redshifts, z ≤ 1.5.
• Angular diameter distane: Measured through the tangential omponent of the Baryon Aousti Osillations
(BAO) either via their imprint in the galaxy distribution [33℄ or the osmi mirowave bakground radiation
(CMB) [32℄. One great advantage of this method is the low level of systemati unertainties. The CMB provides
one data point at z ≈ 1100, while the galaxy BAO probe mostly the range z ≤ 1.5. Using Lyman-α observations
this ould be extended to z ≈ 3.
• Diret probes of H(z): This an either be done through the radial omponent of the BAO in galaxies, or
through the dipole of the luminosity distane [28℄.
B. Growth of matter perturbations
In the standard ΛCDM model of osmology, the dark matter perturbations on sub-horizon sales grow linearly with
the sale fator a during matter domination. During radiation domination they grow logarithmially, and also at late
times, when the dark energy starts to dominate, their growth is slowed. The growth fator g ≡ ∆m/a is therefore
expeted to be onstant at early times (but after matter-radiation equality) and to derease at late times. In addition
to this eet whih is due to the expansion rate of the universe, there is also the possibility that utuations in the
dark energy an hange the gravitational potentials and so aet the dark matter lustering.
In ΛCDM g an be approximated very well through
g(a) = exp
{∫ a
0
d ln a (Ωm(a)
γ − 1)
}
(13)
where γ ≈ 0.545. There are two ways that the growth rate an be hanged with respet to ΛCDM: Firstly, a general
w of the dark energy will lead to a dierent expansion rate, and so to a dierent Hubble drag. Seondly, if in the
Poisson equation (7) we have Q 6= 1 then this will also aet the growth rate of the dark matter, as will η 6= 0. We
therefore expet that γ is a funtion of w, η and Q.
For standard quintessene models we have η = 0 and Q ≈ 1 on small sales as the salar eld does not luster due
to a sound speed c2s = 1. In this ase γ is only a weak funtion of w [18℄:
γ(w) = 0.55 + 0.05(1 + w(z = 1)). (14)
A onstant γ turns out to be an exellent approximation also for oupled dark energy models [35℄ and for modied
gravity models [18℄. A similar hange in γ an also be obtained in models where the eetive dark energy lusters
[10℄.
If we assume that ψ is the dominant soure of the dark matter lustering, then we see that its value is modied
by (1 + η)Q (while the φ˙ term souring perturbations in δm does not ontain the ontribution from the anisotropi
stress). Following the disussion in [20℄ we set
A =
(1 + η)Q− 1
1− Ωm(a)
5and derive the asymptoti growth index as
γ∞ =
3(1− w∞ −A(Q, η))
5− 6w∞
. (16)
In setion IVD on the DGP model we show how these relations an be inverted to determine φ and ψ .
Although these relations are useful to gain physial insight and for a rough idea of what to expet, for an atual
data analysis one would speify Q and η and then integrate the perturbation equations.
C. Weak lensing
Usually it is taken for granted that matter onentrations deet light. However, the light does not feel the
presene of matter, it feels the gravitational eld generated by matter. In this paper we onsider a senario where the
gravitational eld has been modied, so that we have to be somewhat areful when deriving the lensing equations.
Following [21℄ we exploit the fat that it is the lensing potential Φ = φ+ψ whih desribes the deviation of light rays
in our senario. In ΛCDM we an use the Poisson equation (6) to replae the lensing potential with the dark matter
perturbations (sine the osmologial onstant has no perturbations),
k2Φ = 2
3H20Ωm
2a
∆m. (17)
However, in general this is not the omplete ontribution to the lensing potential. For our parametrisation we nd
instead that
k2Φ = Q(2 + η)
3H20Ωm
2a
∆m = 2Σ
3H20Ωm
2a
∆m. (18)
Correspondingly, the total lensing eet is obtained by multiplying the usual equations by a fator Σ = (1 + η/2)Q.
We also notie that a modiation of the growth rate appears twie, one in the dierent behaviour of ∆m, and a
seond time in the non-trivial fator Σ. It is lear that we need to take both into aount, using only one of the two
would be inonsistent.
An additional ompliation arises beause some of the sales relevant for weak lensing are in the (mildly) non-linear
regime of lustering. It is therefore neessary to map the linear power spetrum of Φ into a non-linear one. This is
diult even for pure dark matter, but in this ase tting formulas exist, and numerial tests with N -body programs
have been performed. For non-standard dark energy models or modied gravity the mapping is not known, and it
probably depends on the details of the model. Although this may be used in the long run as an additional test, for
now we are left with the question as to how to perform this mapping. In this paper we have deided to assume that
Σ∆m represents the eetive lustering amplitude, and we use this expression as input to ompute the non-linear
power spetrum.
One side eet of this presription is that as antiipated any onstant pre-fator of ∆m beomes degenerate with
σ8 (whih is also a onstant) and annot be measured with weak lensing. In pratie this means that if we use {γ,Σ}
as the fundamental parameters, then a onstant ontribution to Σ annot be measured. On the other hand if we use
{Q, η} as fundamental parameters then even a onstant η aets γ and the degeneray with σ8 is broken through this
link.
D. Other probes
We have already mentioned one CMB observable, namely the peak position, whih is sensitive mostly to the
expansion rate of the universe and provides eetively a standard ruler. On large sales the CMB angular power
spetrum is dominated by the integrated Sahs-Wolfe (ISW) eet, whih is proportional to φ˙ + ψ˙ = Φ˙. The ISW
eet therefore probes a similar quantity as weak lensing, but is sensitive to its time evolution. Additionally, it is
mostly relevant at low ℓ, whih means that it is strongly aeted by osmi variane. This limits its statistial power
in a fundamental way.
From the perturbation equation for the matter veloity perturbation, Eq. (A15) we see that V is only sensitive to
ψ. Additionally, the peuliar veloities of galaxies are supposed to be a very good traer of the dark matter veloity
eld [26℄. The peuliar veloities are therefore a diret probe of ψ alone. This makes it in priniple an exellent
omplement of weak lensing (whih measures φ+ψ) and of the growth rate (measuring mostly φ through the Poisson
equation) but of ourse measuring reliably peuliar veloities to osmologial distanes is still prohibitive.
6The perturbations in the metri also aet distane measurements like e.g. the luminosity distane [27, 29℄. The
utuations in the luminosity distane on small angular sales are a measure of both the peuliar motion of the
supernovae as well as the lensing by intervening matter perturbations. As very large supernova data sets are expeted
in the future, this may turn into a promising additional probe of φ and ψ.
IV. DARK ENERGY MODELS
Let us now review some of the models among those presented in the literature that are amenable to our parametriza-
tion.
A. Lambda-CDM
In ΛCDM the dark energy ontribution to the energy momentum tensor is of the form T νµ = Λδ
ν
µ. From this
we see immediately that p = −ρ so that we have a onstant w = −1. Additionally there are no perturbations in
a osmologial onstant, whih is ompatible with the perturbation equations (A8) and (A9) as they deouple from
the gravitational potentials for w = −1. For this reason Q = 1. The absene of o-diagonal terms in the energy
momentum tensor also shows that η = 0 so that Σ = 1. The growth-rate of the matter perturbations is only aeted
by the aelerated expansion of the universe, with γ ≈ 6/11.
B. Quintessene
In quintessene models the dark energy is represented by a salar eld, so that w an now vary as a funtion of
time, subjet to the ondition w ≥ −1 if ρQ > 0. At the level of rst order perturbations, quintessene is exatly
equivalent to a uid with c2s = 1 and no anisotropi stress (η = 0). For suh a uid one often relaxes the ondition
on w, so that w < −1 beomes allowed (see e.g. [24℄ and papers ited therein for more details). The high sound
speed suppresses lustering on sub-horizon sales so that |Q(k ≫ H0)− 1| ≪ 1. It is on these sales that weak lensing
and galaxy surveys measure the matter power spetrum, so that Σ ≈ 1, and the growth-rate is only slightly hanged
through the dierent expansion rate. From (14) we see that typially one has γ = 0.54÷ 0.57 for the range of w still
allowed by the data.
On very large sales lustering an be non-negligible, whih aets for example the low ℓ part of the CMB spetrum
through the ISW eet [25℄. For a DGP-like equation of state, we nd Q(a = 1, k = H0) ∼< 1.1 by integrating the
perturbation equations numerially. In general we expet that Q− 1 remains small below the sound horizon, while it
an be non-negligible on larger sales. Thus, if we nd that Q ≈ 1 on small sales, but Q > 1 for sales larger than
some ritial sale, then this may be a hint for the existene of a sound horizon of the dark energy. Additionally,
one important lass of quintessene models exhibits a period of traking at high redshift, during whih the energy
density in the dark energy stays onstant relative to the one in the dark matter [37, 38℄. If the dark energy makes up
an important fration of the total energy density during that period, Ωm as dened through Eq. (2) will be too large.
In that ase Q < 1 as the quintessene lusters less than the dark matter on small sales.
C. A generi dark energy model
A generi non-standard model with either a dark energy very dierent from quintessene or in whih gravity is non-
Einsteinian will presumably introdue modiations in the Poisson equation, the equation for dark matter growth
and/or the anisotropi stress. Sine these quantities are not independent, a generi modied gravity model should
allow for at least an additional parameter for Σ and one for γ. As we antiipated we assume γ onstant and then
either Σ = 1 + Σ0a or a piee-wise onstant Σ in three redshift bins. Let us denote these two generi dark energy
models as GDE1 and GDE2.
Sine these parametrisations ontain ΛCDM in their parameter spae, whih is the phenomenologially most su-
essful model today, they are useful to haraterise the sensitivity of experiments to non-standard dark energy models.
7D. DGP
An alternative approah to the late-time aelerated expansion of the universe modies the geometry side of
the Einstein equations, rather than the energy ontent. A well-known model of this kind is the Dvali-Gabadadze-
Porrati model [6℄. This model is based on ve-dimensional gravity, with matter and an additional four-dimensional
Einstein-Hilbert ation on a brane. This then modies the evolution of the Universe, with one solution asymptotially
approahing a de Sitter universe. Assuming spatial atness, the Hubble parameter for this solution is given by [12℄
H2 =
H
rc
+
8πG
3
ρm. (19)
We an solve this quadrati equation for H to nd
H =
1
2rc
+
√
1
4r2c
+
8πG
3
ρm. (20)
Sine the matter stays on the brane, its onservation equation is four-dimensional so that ρm ∝ a
−3
. Considering an
eetive dark energy omponent with ρeff ≡ 3H/(8πGrc) whih leads to the DGP expansion history, one an use the
onservation equation ρ˙eff + 3H(1 + weff)ρeff = 0 to dene an eetive equation of state with [12℄
weff(a) =
Ωm − 1−
√
(1− Ωm)2 + 4Ωm/a3
2
√
(1− Ωm)2 + 4Ωm/a3
. (21)
For Ωm = 0.3 we nd w0 ≈ −0.77 and wa ≈ 0.3. For η we turn to [13, 15℄ whih have omputed the perturbations on
small sales and found
k2φ = −4πGa2
(
1−
1
3β
)
ρm∆m (22)
k2ψ = −4πGa2
(
1 +
1
3β
)
ρm∆m (23)
where the parameter β is dened as:
β = 1− 2Hrc
(
1 +
H˙
3H2
)
= 1−
2(Hrc)
2
2Hrc − 1
= 1 + 2HrcwDE (24)
With the parametrisation Eq. (8) we nd that
η =
2
3β − 1
=
Ωm(a)
2 − 1
2 + Ωm(a)2
. (25)
whih means that its value today is η(a = 1) ≈ −0.44 for Ωm = 0.3. We plot its evolution as a funtion of a in Fig. 1.
We see that it vanishes at high redshift, when the modiations of gravity are negligible.
For the growth funtion we turn to [20℄. They nd
γ =
7 + 5Ωm(a) + 7Ω
2
m(a) + 3Ω
3
m(a)
[1 + Ω2m(a)][11 + 5Ωm(a)]
. (26)
Fig. 2 ompares this formula with the numerial result, and we see that it works very well. On average in the range
z ∈ (0, 3) we an use γ ≈ 0.68.
Q is just the non-trivial pre-fator in Eq. (22),
Q = 1−
1
3β
, (27)
it is plotted in Figure 3. We nd that for DGP Σ = 1 so that the deviation of light rays due to a given mass is the
same as in GR. The weak lensing results therefore depend only on γ whih modies the growth of ∆m, but not on Q
and η separately. In this argument we also used that the gravitational onstant Gcav measured by a Cavendish type
8Figure 1: The η parameter of the anisotropi stress as a funtion of a for Ωm = 0.3. The blak solid line shows the atual value
while the red dashed urve shows the reovered η using the tting formula for γ.
Figure 2: The growth parameter γ of DGP, omparison between the tting formula (red dashed urve) and the numerial result
(blak solid line) for Ωm = 0.3.
experiment is just the bare onstant G as the fore-law modiations of DGP are sreened for ∆m ≫ 1 [13℄. This is
in ontrast to the situation for salar-tensor theories.
It is maybe instrutive to illustrate with a short Gedanken experiment how we ould reover φ and ψ from data
if our universe was desribed by a DGP-like model. We assume that w(a) has been measured by e.g. supernovae
and/or BAO. Suppose now that looking at the growth-history of the matter power spetrum (available potentially as
a by-produt from a BAO survey or from a dediated galaxy survey) we notie that γ is outside the range allowed for
quintessene-like models. We therefore have to assume that the dark energy is non-standard. We now need to invert
the omputation of γ to get the link with φ, through the denition of Q(a),
k2φ = −4πGa2Q(a)ρm∆m. (28)
9Figure 3: The Q parameter of DGP, Ωm = 0.3. The blak solid urve shows the exat value while the red dashed line is the
result reovered with the tting formula for γ.
Using the relations in setion III B we nd
(1 + η(a))Q(a)− 1 = (1− Ωm(a))
(
1− w(a) −
5− 6w(a)
3
γ(a)
)
. (29)
Lensing on the other hand gives
k2(φ + ψ) = k2φ(2 + η) = −(2Σ)4πGa2ρm∆m. (30)
For DGP the lensing signal is preisely the one expeted naively for ∆m, so that
Σ = 1⇔ η =
2
Q
− 2 (31)
We nd that (1 + η)Q = 2 −Q, allowing us to reover Q and η separately. They are shown as the dashed urves in
Figs. 1 and 3. One we know η, γ and Q we an ompute φ and ψ.
We nd that the auray of the tting formula for γ(Q, η) is quite good, and ertainly suient for urrent
experiments, and for distinguishing DGP from Quintessene at the perturbation level. We will see later that next-
generation weak lensing experiment an reah a preision where the dierenes are important. At that point one may
need to numerially integrate the perturbation equations to ompute γ.
E. ΛDGP
We nd it instrutive to introdue a simple variant of DGP that we denote as ΛDGP, namely a DGP model
whih inludes a osmologial onstant. In this way we an interpolate between DGP proper (ΩΛ = 0) and ΛCDM
(ΩΛ = 1 − Ωm, ie Ωrc = 0). Notie that we are still taking the self-aelerating branh of DGP, dierent from e.g.
[14℄. In at spae, the Hubble parameter is then given by
H2 =
H
rc
+
8πG
3
(ρm + ρΛ) (32)
with the self-aelerating solution now being
H =
1
2rc
+
√
1
4r2c
+
8πG
3
(ρm + ρΛ) = H0
[√
Ωrc +
√
Ωrc +ΩΛ + Ωma
−3
]
. (33)
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In at spae we additionally have that Ωrc =
1
4 (1− Ωm − ΩΛ)
2
. We also notie that we an dene an overall eetive
dark energy uid through
ρeff = ρΛ +
3H
8πGrc
. (34)
from whih we an derive an eetive equation of state. Conerning the perturbations, it was shown in [14℄ that the
DGP fore laws (22) and (23) are not hanged through the addition of a brane osmologial onstant if we write β as
β = 1− 2rcH
(
1 +
H˙
3H2
)
(35)
whih depends on the value of Λ. For our key quantities we nd
w(a) = −
1− Ωm (a) + ΩΛ (a)
[1− Ωm (a)] [1 + Ωm (a) + ΩΛ (a)]
(36)
β (a) = −
[1 + Ωm (a) + ΩΛ (a)]
2
− 2Ωm (a)
[1− Ωm (a)− ΩΛ (a)] [1 + Ωm (a) + ΩΛ (a)]
(37)
η (a) =
1− [Ωm (a) + ΩΛ (a)]
2
3Ωm (a)− [1 + Ωm (a) + ΩΛ (a)] [2 + Ωm (a) + ΩΛ (a)]
(38)
Q(a) =
2
3
1 + ΩΛ (a)− 2Ωm (a) + (1 + Ωm (a) + ΩΛ (a))
2
(1 + Ωm (a) + ΩΛ (a))
2 − 2Ωm (a)
(39)
Σ(a) = 1 (40)
These redue to the ones of DGP and ΛCDM in the respetive limits. The growth fator an be approximated by
γ (a) =
[
(1 + Ωm +ΩΛ)
2
− 2Ωm
] [
7− 4Ωm + 5ΩΛ − 3Ω
2
m − 3ΩmΩΛ
]
+ 2Ωm (1− Ωm − ΩΛ)[
(1 + Ωm +ΩΛ)
2 − 2Ωm
]
[(11 + 5Ωm) (1− Ωm) + (11− 5Ωm) ΩΛ]
(41)
where for ease of notation we suppressed the expliit dependene of the Ωs on a .
F. Salar-tensor theories
For ompleteness we also give a brief overview of the relevant quantities in salar-tensor theories (see eg. [21, 34℄).
For a model haraterized by the Lagrangian
L = F (ϕ)R − ϕ;µϕ
;u − 2V (ϕ) + 16πG∗Lmatter (42)
(where F (ϕ) is the oupling funtion, that we assume to be normalized to unity today and G∗ is the bare gravitational
onstant) the relation between the metri potentials is
ψ = φ−
F ′
F
δϕ (43)
where F ′ = dF/dϕ. It turns out that in the linear sub-horizon limit the funtions ψ, φ, δϕ obey three Poisson-like
equations:
k2φ = −4π
G∗
F
a2ρm∆m
2(F + F ′2)
2F + 3F ′2
(44)
k2ψ = −4π
G∗
F
a2ρm∆m
2(F + 2F ′2)
2F + 3F ′2
(45)
k2δϕ = 4π
G∗
F
a2ρm∆m
2FF ′
2F + 3F ′2
(46)
Then from (28) we derive
Q =
G∗
FGcav,0
2(F + F ′2)
2F + 3F ′2
(47)
11
Model growth index Σ(a) new param. d. values
GDE1 γ = onst Σ = 1 + Σ0a γ,Σ0 (0.55, 0)
GDE2 γ = onst Σ(i-th z-bin) = Σi γ,Σ2,Σ3 (0.55, 1, 1)
DGP γ = onst Σ = 1 γ 0.68
ΛDGP γ(a) Σ = 1 ΩΛ 0 or 0.7
Table I: The DE models onsidered in this paper.
where Gcav,0 is the presently measured value of the gravitational onstant in a Cavendish-like experiment. If the
equation (45) an be assumed to hold in the highly non-linear laboratory environment then one would dene
Gcav,0 =
G∗
F0
2(F0 + 2F
′2
0 )
2F0 + 3F ′20
(48)
Moreover, we obtain the anisotropi stress
η ≡
ψ − φ
φ
=
F ′2
F + F ′2
(49)
Finally, we derive
Σ ≡ Q
(
1 +
η
2
)
=
G∗
FGcav,0
(50)
(notie that our result diers from [21℄). It is lear then that depending on F our simple phenomenologial parametriza-
tion may be aeptable or fail ompletely. Moreover we nd that the usual growth t (13) is not a very good approx-
imation sine during the matter era the growth is faster than in a ΛCDM model. The analysis of spei examples of
salar-tensor models is left to future work.
V. FORECASTS FOR WEAK LENSING LARGE-SCALE SURVEYS
We nally are in position to derive the sensitivity of typial next-generation tomographi weak lensing surveys to
the non-standard parameters introdued above, expanding over reent papers like Refs. [44℄ and [46℄. In partiular,
we study a survey patterned aording to the speiations in Ref. [45℄, whih dealt with the standard model. In
Appendix B we give the full onvergene power spetrum as a funtion of η and Q and the relevant Fisher matrix
equations.
Let us then onsider a survey haraterized by the sky fration fsky, the mean redshift zmean ≈ 1.412z0 and the
number soures per armin
2
, d. When not otherwise speied we assume zmean = 0.9 and d = 35 as our benhmark
survey: these values are well within the range onsidered for the DUNE satellite proposal. The derived errors sale
learly as f
1/2
sky so it is easy to resale our results to dierent sky frations. We assume that the photo-z error obeys
a normal distribution with variane σz = 0.05. We hoose to bin the distribution out to z = 3 into ve equal-galaxy-
number bins (or three for the model with a piee-wise onstant Σ(z)). For the linear matter power spetrum we adopt
the t by Eisenstein & Hu [42℄ (with no massive neutrinos and also negleting any hange of the shape of the spetrum
for small deviations around w = −1). For the non-linear orretion we use the halo model by Smith et al. [43℄. We
onsider the range 10 < ℓ < 20000 sine we nd that both smaller ℓ and larger ℓ's do not ontribute signiantly.
We begin the disussion with the generi dark energy models GDE1 and GDE2. The parameter set (with the
duial values inside square brakets) is therefore
pα = {ωm ≡ Ωmh
2[0.147], ωb ≡ Ωbh
2[0.02205], ns[1],Ωm[0.3], w0[−0.95], wa[0], γ[0.55], σ8[0.8]} (51)
while for Σ we assume as duial values either Σ0 = 0 (GDE1) or Σ1,2,3 = 1 (GDE2).
First we study how the estimate of w0, wp (projetion of w0, wa on the pivot point ap dened as the epoh at
whih the errors deorrelate) is aeted by xing the other parameters. In Fig. 4 we show the FOM dened as
1/[σ(w0) · σ(wp)] rst when all the parameters are xed to their duial value (rst bar) and then suessively
marginalizing over the parameter indiated in the label and over all those on the left (eg the fourth olumn represents
the marginalization over ωm, ωb, ns). This shows that the WL method would benet most from omplementary
12
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Figure 4: FOM for w0, wpvs. marginalized parameters of the model GDE1.
experiments that determine Ωm,Ωmh
2
. On the other hand, there is not muh loss in marginalizing over the two
non-standard parameters Σ0, γ.
In Fig. 5 we show the ondene regions for Σ0, γ . Errors of the order or 0.1 for Σ0 and 0.3 for γ are reahable
already with the benhmark survey. In Fig. 6 we show the FOM (w0, wp) varying the depth zmean ≈ 1.412z0 and
the density d of soures per armin2 (full marginalization). If we set as a onvenient target a FOM equal to 1000 (for
instane, an error of 0.01 for w0 and 0.1 for wp) then we see that our benhmark survey remains a little below the
target (we obtain σ(w0) = 0.018 and σ(wp) = 0.088), whih would require at least d = 50 or a deeper survey.
In Fig. 7 we show the FOM (γ,Σ0) again varying zmean, d (full marginalization). Here we set as target a FOM of
5000, obtained for instane with an error 0.02 on γ and 0.01 on Σ0; it turns out that the target an be reahed with
the benhmark survey.
For the model GDE2 we divide the survey into three equal-galaxy-numbers z-bins and hoose a Σ(zi) = Σi piee-
wise onstant in the three bins. Fixing Σ1 = 1, we are left with two free parameters Σ2,3. In Fig. 8 we show the
ondene regions; we see that WL surveys ould set stringent limits on the deviation of Σ from the GR duial value.
We an now fous our attention to the DGP model. As antiipated, in order to investigate the ability of WL studies
to distinguish the DGP model from ΛCDM, we onsider two ases. First, we assume a standard DGP model with
w(z) given by Eq. (21). In this ase the model also determines the funtion γ(z). For Ωm ≈ 0.3 one has an almost
onstant γ in the range z ∈ (0, 3) with an average value γ ≈ 0.68. Instead of using the full equation for γ(z) we prefer
to leave γ as a free onstant parameter in order to ompare diretly with a standard gravity DE model with the same
w(z) and the standard value γ ≈ 0.55. In Fig. 9 we show the ondene regions around the DGP duial model; our
benhmark surveys seems well apable of dierentiating DGP from ΛCDM.
Then, we onsider the ΛDGP model, in whih the matter ontent is in fat matter plus a osmologial onstant,
so that in the limit of ΩΛ = 0 one reovers DGP, while when ΩΛ = 1−Ωm one falls bak into pure ΛCDM. In Fig. 10
we see again that our benhmark survey will be able to distinguish between the two extreme ases with a very high
ondene. In Fig. 11 we display the weak lensing spetrum for ΛCDM in the 5th z-bin with the noise due to the
intrinsi elliptiity and for omparison the DGP spetrum. We see that the DGP spetrum is well outside the noise
at low ℓ's.
VI. CONCLUSIONS
In this paper we propose a general parametrisation of both dark energy and modied gravity models up to the linear
perturbations. Apart from parametrising the Hubble parameter H(z) with an eetive equation of state, we use the
growth index γ and the eetive modiation of the lensing potential Σ. We disuss the relation of these quantities to
the anisotropi stress (parametrised through η or σ) and the modiation of the Poisson equation (given in terms of a
parameter Q). We then show how these parameters appear in dierent experimental setups, onentrating speially
on the ase of weak lensing. We also give expliit expressions for the parameters for a range of models like ΛCDM,
Quintessene, the DGP model and salar-tensor theories. We identify a few signatures that ould point to spei
theories: The detetion of a signiant anisotropi stress would favour modied-gravity like theories, while strong
upper limits on |η| ould rule out many suh models. A signiant deviation from Q = 1 on large sales only ould
point to a nite sound speed of the dark energy. The hope is that we an eventually use suh lues to understand the
physial nature of the phenomenon underlying the aelerated expansion of the Universe.
13
0.5 0.520.540.560.58 0.6
Γ
-0.02
-0.01
0
0.01
0.02
S
0
Figure 5: Condene regions at 68% for the benhmark survey zmean = 0.9, d = 35 (outer ontour) and for d = 50, 75 (inner
ontours).
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Figure 8: Condene regions at 68% for the benhmark survey zmean = 0.9, d = 35 (outer ontour) and for d = 50, 75 (inner
ontours) in the model GDE2.
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Figure 9: Condene regions at 68% for the benhmark survey zmean = 0.9, d = 35 (outer ontour) and for d = 50, 75 (inner
ontours) for DGP. The dotted line represents the ΛCDM value.
We use our parametrisation to provide foreasts for weak lensing satellite experiments (having in mind a setup
similar to DUNE) on how well they will be able to onstrain dark energy and modied gravity models. We nd that a
DUNE-like survey will be able to onstrain the growth index with an error that varies from 0.015 to 0.036 depending
on the model (see Table II). This is suient to rule out a model like DGP at more than 7 standard deviations based
on the perturbations. Table II also shows that the parameter Σ an be strongly onstrained. This demonstrates that
weak lensing will evolve in the next deade into a very powerful probe of the dark energy phenomenon, with the
potential to deliver insight into the physis behind the aelerated expansion of the universe through onstraints on
the dark energy perturbations and on modied gravity.
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Figure 10: Condene regions at 68% for the benhmark survey zmean = 0.9, d = 35 for the model ΛDGP assuming as duial
value ΩΛ = 0 (below) and ΩΛ = 1− Ωm (above).
Model onstraints
GDE1 σ(γ) = 0.022; σ(Σa) = 0.008
GDE2 σ(γ) = 0.036; σ(Σ2) = 0.024; σ(Σ3) = 0.076
DGP σ(γ) = 0.015
ΛDGP σ(ΩΛ)ΛCDM = 0.051; σ(ΩΛ)DGP = 0.049
Table II: Constraints on the parameters in terms of the standard deviation σ (benhmark survey, fully marginalized).
Aknowledgments
MK and DS aknowledge funding from the Swiss NSF. We thank Viviana Aquaviva, Carlo Baigalupi, Ruth
Durrer, Valeria Pettorino and Carlo Shimd for interesting disussions.
Appendix A: PERTURBATION EQUATIONS
In this appendix we reapitulate the basis of of rst order perturbation theory, both to ollet the most important
equations in one plae and to dene our notation. We limit ourselves to salar perturbations, so that we an use the
Newtonian gauge (also known as longitudinal gauge), following [23℄. The metri perturbations are then dened by
two salar potentials ψ and φ,
ds2 = a2
[
− (1 + 2ψ) dτ2 + (1− 2φ) dxidx
i
]
(A1)
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Figure 11: The non linear power spetrum for ΛCDM and DGP model for one single bin (bin 5). The red (entral) solid line
and the magenta dashed line show the onvergene power spetrum for the ΛCDM and the DGP model respetively. The
shaded area (delimited by solid blue and brown lines) shows the noise errors on the ΛCDM onvergene power spetrum.
The total energy momentum-tensor for a perfet uid is given by:
T µν = (ρ+ p)uµuν + p gµν (A2)
where ρ and p are the density and the pressure of the uid respetively and the uµ is the four-veloity. We parametrise
the averaged pressure via an equation of state parameter w,
p = wρ. (A3)
The perturbed energy-momentum tensor in Newtonian gauge an be written as
T 00 = − (ρ+ δρ) (A4)
ikT i0 = −ikT
0
i = (1 + w) ρθ (A5)
T ij = (p+ δp) δ
i
j +Π
i
j (A6)
where θ an be thought of as the divergene of a veloity eld, and Πij = T
i
j − δ
i
jT
k
k /3, the traeless omponent of the
spae-spae part of the energy momentum tensor, represents an anisotropi stress. The salar part of the anisotropi
stress σ is related to Πij through
(ρ+ p)σ = −
(
kˆikˆj −
1
3
δij
)
Πij (A7)
We additionally introdue a dierent veloity variable V = (1+w)θ whih is better behaved at w = −1 [24℄. In these
variables the perturbation equations for the uids are
δ′i = 3(1 + wi)φ
′ −
Vi
Ha2
−
3
a
(
δpi
ρi
− wiδi
)
(A8)
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V ′i = −(1− 3wi)
Vi
a
+
k2
Ha2
δpi
ρi
+ (1 + wi)
k2
Ha2
ψ −
k2
Ha2
σi. (A9)
where the prime denotes the derivative with respet to the sale fator a. The uid perturbations are all linked by
their oupling to the gravitational potentials,
k2φ = −4πGa2
∑
i
[
ρiδi + 3
a˙
a
ρiVi
k2
]
(A10)
k2 (φ− ψ) = 12πGa2
∑
i
(ρi + pi)σi (A11)
where the rst equation is a ombination of the 0 − 0 and 0 − i Einstein equations of [23℄. It is often onvenient to
replae the density ontrast δ by the omoving density perturbation,
∆ = δ + 3
a˙
a
V
k2
(A12)
and the pressure perturbation δp is often parametrised with the rest-frame sound speed c2s,
δp = c2sδρ+ 3aH
(
c2s − c
2
a
)
ρ
V
k2
(A13)
where c2a = p˙/ρ˙ is the adiabati sound speed.
As an example, ollisionless old dark matter has zero pressure (wm = 0), vanishing sound speed c
2
s,m = c
2
a,m = 0
and no anisotropi stress σm = 0. The perturbation equation for the matter uid then beome:
δ′ = 3φ′ −
V
Ha2
(A14)
V ′ = −
V
a
+
k2
Ha2
ψ. (A15)
Appendix B: THE LENSING FISHER MATRIX
Here we disuss how the lensing Fisher matrix is modied in the general ase. Let us briey reall the main
equations for weak lensing studies. The onvergene weak lensing power spetrum an be written as [41℄
Pij(ℓ) = H
3
0
∫
∞
0
dz
E(z)
Wi(z)Wj(z)Pnl
[
Pl
(
H0ℓ
r(z)
, z
)]
(B1)
where Pnl[Pl(k, z)] is the non-linear matter power spetrum at redshift z obtained orreting the linear power spetrum
Pl(k, z). In at spae we have:
Wi =
3
2
ΩmFi(z)(1 + z) (B2)
Fi(z) =
∫
Zi
dzs
ni(zs)r(z, zs)
r(0, zs)
(B3)
ni(z) = Di(z)/
∫
∞
0
Di(z
′)dz′ (B4)
H(z) = H0E(z) (B5)
r(z, zs) =
∫ zs
z
dz′
E(z′)
(B6)
where Di(z) is the radial distribution funtion of galaxies in the i-th z-bin. We assume an overall radial distribution
D(z) = z2 exp[−(z/z0)
1.5] (B7)
The distributions Di are obtained by binning the overall distribution and onvolving with the photo-z distribution
funtion.
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The Fisher matrix for weak lensing is given by
Fαβ = fsky
∑
ℓ
(2ℓ+ 1)∆ℓ
2
∂(Pij),αC
−1
jk ∂(Pkm),βC
−1
mi (B8)
where the osmologial parameters are pα and partial derivatives represent ∂/∂pα, and
Cjk = Pjk + δjk
〈
γ2int
〉
n−1j (B9)
where γint is the rms intrinsi shear (we assume
〈
γ2int
〉1/2
= 0.22 [45℄) and
nj = 3600d(
180
π
)2nˆj (B10)
is the number of galaxies per steradians belonging to the i-th bin, d being the number of galaxies per square arminute
and nˆi the fration of soures belonging to the i-th bin.
As we have seen in the main text, we an parametrize a large number of modied gravity models by the linear
growth fator and by the ombined eet of the modied Poisson equation and the anisotropi stress (the funtion
Σ). So we have that the onvergene spetrum an be written as
Pij(ℓ) = H
3
0
∫
∞
0
dz
E(z)
Wi(z)Wj(z)Pnl
[
Q2(1 +
η
2
)2Pl
(
H0ℓ
r(z)
, z
)]
(B11)
where the funtions η and Q will in general depend on k (and therefore on ℓ) and z. Notie moreover that the matter
power spetrum Pnl depends on the linear growth funtion whih itself is a funtion of the bakground expansion
H(z) and of the funtions Q(k, z) and η(k, z).
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